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Abstract 

In this paper we study the three-point correlation functions of two scalar op- 
erators with large conformal dimensions and the i?-current or stress-energy tensor 
at strong coupling with the help of the AdS4/CFT3 correspondence. The scalar 
operators are dual to semiclassical strings in AdS4, x CP^, which are point-like 
in AdS. We establish thorough concordance between string theory results at large 
coupling constant and general predictions coming from Ward identities in the dual 
three-dimensional superconformal gauge theory. 



1 Introduction 

One of the active areas of research in theoretical high-energy physics in recent years has 
been the correspondence between gauge and string theories. Following the impressive 
conjecture made by Maldacena [T] that type IIB string theory on AdS^ x is dual to 
A/" = 4 super- Yang-Mills theory with a large number of colors, an explicit realization of 
the AdS/CFT correspondence was provided in [2]. After that many convincing results 
have been achieved, paving the way for the subject to become an indispensable tool in 
probing such diverse areas as the dynamics of quark-gluon plasma and high-temperature 
superconductivity. 

A key feature of the duality is the connection between planar correlation functions of 
conformal primary operators in the gauge theory and correlators of corresponding vertex 
operators of closed strings with S"^ worldsheet topology. Recently, some progress was 
accomplished in the study of three- and four-point correlation functions with two and 
three vertex operators with large quantum numbers at strong coupling. The remaining 
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operators were chosen to be various supergravity states with quantum numbers and di- 
mensions of order one. It was shown that the large \/~X behavior of such correlators is 
fixed by a semiclassical string trajectory governed by the heavy operator insertions, and 
with sources provided by the vertex operators of the light states. 

Initially this approach was utilized in the computation of two-point functions of heavy 
operators in |3]^[Z]- More recently the above procedure was extended to certain three- 
point correlators in [HI El [TU]. A method based on heavy vertex operators was proposed 
in [H] . Further developments in the calculation of correlators with two string states are 
presented in [12]. The main goal of these investigations is elucidation of the structure of 
three-point functions of three semiclassical operators [T3] . 

Inspired by these studies, in the present paper we consider correlation functions of 
two massive states with large charges and a conserved current (i?-current or stress-energy 
tensor) in the bosonic sector of ABJM theory from the point of view of strings in AdS^ x 
CP^. Our approach is mostly based on the previous works of [9l [H]. We also check the 
validity of our results by comparison with related field theory Ward identities. 

The paper is organized as follows. In the next section we give a detailed derivation of 
the three-point function of two scalar operators with large charges and the i?-current. The 
relevant structure constant complies with a Ward identity calculation. In the third section 
we present the three-point correlator of two arbitrary string states and the stress-energy 
tensor. In the conclusion we discuss the results and make some general remarks. 

2 Three-point correlator of two string states and R- 
current 

The correlation functions with /^-symmetry current have attracted the interest of re- 
searchers of the AdS/CFT correspondence from the very inception of the duality. The 
correlator of three /^-current states was calculated at strong coupling via type-IIB super- 
gravity, and the result was in concordance with field theory results [151 [IS] • Correlation 
functions of i?-symmetry current and two BPS operators were also studied [U], and once 
more there was a match between supergravity and field-theoretic findings with the help 
of particular Ward identities. 

The cases considered before dealt only with BPS states, because one could work only 
in the supergravity approximation. In this section we calculate the three-point correlator 
of an i?-current candidate along with two semiclassical operators corresponding to string 
solutions. Our results at large 't Hooft coupling are perfectly compatible with a Ward 
identity in the dual conformal theory, which is yet another successful confirmation of the 
AdS / CFT correspondence. 
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2.1 Form of correlator and Ward identity 



We adopt the following conventions: capital letters like , M = 0, . . . , 9 denote ten- 
dimensional coordinates, while the lowercase, x for example, describe four- dimensional 
ones and points in the dual three-dimensional field theory. Unless stated otherwise lengths 
between points \x — y\ are assumed to be for the three-dimensional theory. Greek letters 
yU. = 0, . . . , 3 will serve as indices of AdS directions, while Latin ones i = 0, 1, 2 will denote 
boundary ones. Moreover, we will work in the Euclidean continuation of AdS 4. 

The general form of the three-point function of a scalar operator Oa with conformal 
dimension A, its conjugate Oa and a vector Vi is completely fixed by conformal symmetry. 
It is given in three dimensions by [T7] 

{V,{x) Oa(xi) Oa{x2)) = 2A-1I ^'''^^1 T^n^i, ^2) , (2.1) 

12 1*^1 ^ \ i^'z ^ \ 

I I rnx/ N {Xi-x)i {X2-X)i 

3^12^X1-3^2, EnXi,X2, 



(xi — xY {x2 — xy 

We are interested in the case of Vi being the i?-symmetry current jj^. We also assume 
that Oa has i?-charge, which leads to the following Ward identity for fl2.ip 

(d'j^ix) Oa(xi) (Da(x2)) = 6\x, - x){60a{x,) Oa{x2)) + 
6^{x2 - x){Oa{xi) 60a{x2)) = J[5'(xi -x)- 6^X2 - x)](Oa(xi) Oa{x2)) , (2.2) 

where J is the i?-charge of Oa and we assume that two-point functions are unit normal- 
ized. We take the derivative of (12.11) and obtain 



d^mx) Oa{x^) Oa{x2)) = -47lC^23{\)[S%x^ - x) - 6^X2 - x)]-^ . (2.3) 



1 

^12 

Combining fl2.2p and f l2.3p one gets 



Ci23(A) = -^. (2.4) 

This equation gives an all- loop expression for the fusion coefficient Ci23(A). In the fol- 
lowing subsection we will show that string theory provides correctly both the space-time 
behavior of the correlator fl2.1l) and the expression in fl2.4p . 



2.2 Holographic calculation of {j'^{x) Oa{xi) Oa{x2)) 

The present subsection is devoted to the computation of the three-point function of two 
heavy scalar operators and the i?-current via the AdS/CFT correspondence. The scalars 
are dual to semiclassical strings, which are point-like in AdS and rotate in CP^ in a 
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general way. First, we need to find the bulk supergravity field that corresponds to the 
i?-current. Gaining intuition from [TH] one can deduce that the dual field includes the 



fluctuations of the bulk metric h^a with one AdS4^ index and a CP^ index; together with 
various components of RR-potentials, which do not contribute to our results according 
to [9] because we are working in the leading semiclassical approximation, i.e. at strong 
coupling. The metric can be expanded in the components of CP^ Killing vectors 

h,^ = Y,Hl{x)Y^{n). (2.5) 
I 

We choose the following representation of CP^ in terms of angles 9i, 62, ip, (pi, 1^2) 

1 1 

dscp3 = d^"^ + cos^ ^ SIT? ^{dil) + - cos 6id(^i — - cos 62d(^2Y 

+ ^ cos^ i{del + sin^ e^d^l) + ^ sin^ ^{dOl + sin^ e2dLpl) . (2.6) 

Let us choose for concreteness dynamics only in the plane with '0 as polar angle. Then the 
relevant Killing vector will be the corresponding i?-current which acts as the generator 
of rotations in the plane. The Killing vector and its unique covariant component assume 
the form 

>^['^i = ^, = cos^esin^e. (2.7) 

Following [9] the three-point correlation function has the schematic evaluation 

{jf\x)0^{x,)0^{x2)) 



(OA(a:i) 0^{X2)) 



[Hl^\x,xs = 0)^ fDXe-'-^^'^\^^^, (2. 

-^str J 



where $ labels all the relevant supergravity fields. The field H^^^{x,Xs = 0) has much 
smaller conformal dimension than that of the string states. Therefore the string can be 
treated in semiclassical approximation via Polyakov action, while the supergravity fields 
should conform to the supergravity approximation, i.e. the string action can be expanded 
in powers of /i^a 

S,tr = ^ / V99'"^ daX^'dfsX'^GMN + fermious , (2.9) 



6h^a{X) 27r 



j d^a {drX^drX"" + d^X^'d^X") . (2.10) 



The relation between A and the 't Hooft coupling A is = 327r^A^. After substituting 
(12.1 op in (12. 8 P and retaining only the linear in h^a term we obtain 

{3f\x)0^{x,)0^{x2)) _ , _„ /gst.[X,«l> = 0] 

(Oa(xO0a(x,)) - -^^^^^'^^ - 5V(Z) ^-(^^)bulk - 



27r 



y rfV(9,Z^'9.Z'^ + 9^Z^9.Z'^)(iJ,(x,X3 = 0)/7^(z))buikFi''^k^)- (2.11) 
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At this point a few comments are in order. The path integral in (12.81) is evaluated by 
saddle-point approximation on the classical solution describing a string that goes from 
the boundary and back. The expression (iJj(x,X3 = 0)if^(2r))buik in 02. lip is actually the 
bulk-to-boundary propagator of two vector supergravity fields [15] 



In order to calculate the three-point function we need only to choose an appropriate 
solution to the string equations of motion dual to the massive states in the correlators. 
We are interested solely in the dynamics in AdS, because only it enters (12. lip . Moreover, 
we have already specified that the string is rotating along the ip direction of CP^. In 
AdS the solution is purely point-like. It has the following form in Euclidean Poincare 
coordinates [S] 

zo = ^ tanh(Kr) , Z3 = — - , (2.13) 
2 2cosh(Kr) 

where we have assumed that the insertion points of the heavy operators are symmetric 
with respect to the origin of the coordinate system. Also, without loss of generality we 
have constrained the boundary heavy operators to lie on the Euclidean time direction: 
X12 = \xi — X2\. We would like to point out that our considerations are applicable to 
generic string solutions with arbitrary charges in CP^. 

Substituting all above in (12.111) . we get for the three-point correlator 



2tt 



2n 

2 f „• 2 



da cos ^ sin ^ drip 



2J 

1i = -Z,, (2.14) 



00 



X =\ dr I 2xo(z - x)j \ ^ TT xuE^{xuX2] ,2 15) 

00 [^3 + ~ ^)^]^ V °* ^3 + (-2 ~ x^ J 8 \xi — x\ \X2 — x| ' 



where we have used in the last equation that xi + X2 = 0. Finally we obtain for the 
three-point function 



J Ef {xi,X2 

4:71 

which exactly coincides with (12. ip provided that 



or (x) OA{x^) Oa{x2)) = -- , (2.16) 

47r Xi2 \Xl — X\ \X2 — x\ 



Ci23(A » 1) = , (2.17) 

4:71 

i.e. we also have complete agreement with the all- loop prediction (12. 4p . 
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3 Three-point correlator with stress-energy tensor 



The present section is devoted to evaluation of the three-point function of two semi- 
classical scalar operators dual to string states and the stress-energy tensor. Correlation 
functions with the stress-energy tensor have been studied before, especially considering 
the conformal anomaly 



3.1 Space-time dependence of correlator and Ward identity 

The correlation function of any tensor Vij and two scalars with definite conformal dimen- 
sion is almost completely fixed by conformal symmetry, excluding the structure constant 

(V^.,(x)0a(Xi)Oa(x2)) = 2A-1|^'!.'^M _ (3.1) 

*^12 I 1 *^ I 1*^2 *^ I 

Fij{x, Xi,X2) = Ef{xi,X2)E^{Xi,X2) 



3 (xi — x)2(x2 — xy 

When Vij = Tij, the following Ward identity concerning the conservation of Tij is satisfied 
d'{Tij{x) 0{xi) 0{x2)) = {0{x) 0{xi)) dj6^{x - X2) + 0{x2)) d/\x - xi) . (3.2) 

This equation can be integrated by x, which gives via Gauss's theorem 

Ci23(A) = -|-A(A). (3.3) 

This result is an all-loop prediction which we are striving to reproduce at large coupling 
constant below. 

3.2 Calculation of {T,j{x) Oa{xi) Oa{x2)) 

The present problem is solved analogously to the case in the previous section. The stress- 
energy tensor Tjj is dual to the fluctuations of the metric h^i, = g^^ — g^^^ of AdS^^. 
Consequently 

(T,,(x) Oa(xi) 0^{x2)) = {kj{x) Oa(xi) (5a (X2)) . (3.4) 

We will need below the bulk-to-boundary propagator for gravitons, which can be extracted 
from the solution to the linearised equations of motion in de Bonder gauge [231 E2] 

8 /" 

h^^{x,X3) = — / d^yK{x,X3;y)jl^{x-y)jl{x-y)8ij,kih^\y), (3.5) 

where 

[xi + (x-y)2]3' ^/^W-^ 3;2 + ^2' ^'^^M- 2 3 • 
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In order to calculate the three-point function at strong coupling we will proceed in a 
similar way as before 

-^J d^cx {drZ'^drZ, + d^Z'^d^Z,) {kjix,xs = 0)h';{z))^^i^. (3.6) 
The relevant string solution is again fl2.13p with arbitrary dynamics in CP^. We obtain 
{hij{x) Oa{xi) Oa{x2)) _ 8V^ p zl d^Z^drZ,3^^{z - x)3^{z - x) 8ki,i, _ 



(Oa(xi)(5a(x2)) vr2 [^| + (^_a;)2]3 

Wl r . z:,{drz,y (. 2xo[6o,{z-x),+6o,{z-x) , - ^M^" 

Loo [zl + {z- xYf 3 + zl + {z- xf 

^xl[{z-xUz-x),-'-f{z-xf] \ 



where in the second line we have done all the necessary contractions using the explicit 
form of the solution (12.131) . After tedious but straightforward calculations we get 



{hij{x)OA{,xi)OA{,X2)) _ "iny \xi2Fij{x,xi,X2) 
{Oa{xi)Oj\{x2)) Stt |xi - x| |x2 - x| ' 

which looks exactly like (13. ip if 



^ /, \ 3k V A 'iE , . 

Ci23(A»l) = ^ = -^, (3.9) 

where E is the string energy. The last equation obviously conforms to the result (13.31) 
following from a Ward identity, because according to the AdS/CFT dictionary E = A(A). 



4 Conclusion 

The AdS/CFT correspondence was subject to many significant developments in recent 
years. One of the active areas of research has been the holographic calculation of three- 
point functions at strong coupling. The correlation function of three massive string states 
escapes full comprehension so far [13], but we have uncovered almost all features of 
correlators containing two heavy and one light states in the semiclassical approxima- 
tion [siiioiin]. 

The present paper continues this line of investigations by considering string theory on 
AdSi X CP^ dual to the three-dimensional ABJM theory and computing leading three- 
point functions at large couphng constant, applying the ideas of [9]. We examine the 
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method in the case of two scalar operators with large charges and a conserved current 
(either an i?-symmetry current or the stress-energy tensor). We reproduce the correct 
space-time behavior of correlators and verify that the structure constants we have ob- 
tained at strong coupling are in perfect agreement with corresponding field theory deriva- 
tions based on Ward identities. Our study extends the results presented in [H] to the 
AdS4/CFT3 case. 

One of the future directions for exploration may be the connection of our work to recent 
developments in the calculation of correlators with heavy states based on integrability 
methods in A/" = 4 SYM [21] and, which is more relevant, ABJM theory [25] . 
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